We derive equations for defocus and primary spherical wave aberration coefficients caused by a shift in image plane of a perfect optical system. The spherical aberration equation is accurate at describing changes in the spherical aberration of an aberrated schematic eye.
INTRODUCTION
In the measurement of the aberrations of the human eye, it is highly likely that the eye will have some measurable defocus, such as uncorrected refractive error or defocus due to the testing conjugates used in the design of the aberrometer. This defocus will affect the recorded magnitudes of other aberrations. This is an important issue when measuring aberrations of the eye, as correcting or not correcting defocus will affect the estimate of other aberrations, in particular spherical aberration, and may affect subsequent corneal ablations intended to eliminate aberrations. 1 Hopkins and Yzuel 2 investigated the influence of defocus on the wave aberration polynomial. By considering the general on-axis aberrated case for an optical system with rotational symmetry, they derived a simple expression with the approximation that the focal shift is small. We have found that their equation for the change in the primary spherical aberration coefficient W 4,0 does not predict the changes in aberrations found by direct ray tracing well, and consequently we have reconsidered this issue.
As described in what follows, we derived a new equation that was tested on a schematic eye and found to be very accurate over a wide range of focal shifts. Figure 1 presents the general case of an optical system imaging a point Q (not shown) to the point QЈ. Two rays are shown, the pupil (chief) ray passing through the centers of the pupils (EЈ is the exit pupil center) and a general aperture ray intersecting the wavefront at the point BЉ. Because of aberrations, the general aperture ray does not usually pass through the image point QЈ. The wave aberration associated with the general aperture ray is the optical path length between the reference sphere, centered on QЈ, and the actual wavefront measured along the ray, that is,
METHODS
where the square brackets denote optical distance. The wave aberration can be expressed as a function of intersection coordinates ͑X , Y͒ of the ray in the exit pupil, but there is ambiguity about determining these coordinates. Considering just the Y section in Fig. 2 , the Y coordinate can be chosen according to (i) where the ray intersects the exit pupil plane, (ii) where the ray intersects the reference sphere, or (iii) where the ray intersects the wavefront. These three coordinates are not linearly related, and so the choice of coordinate may significantly affect the form and complexity of the final equations. Hopkins and Yzuel 2 argued that the second alternative is preferred because the equation for calculating the point-spread function from the wave aberration function reduces to a Fourier transform. Therefore we choose this option for our derivations. The effect of defocus on wave aberration is now considered for the on-axis, aberration-free case (Fig. 2) . The paraxial focus is at OЈ, and the new (defocused) image plane is at O b Ј. The longitudinal defocus is ⌬Z, where
with the line BЈOЈ presenting an aberration-free ray and the point BЈ being the intersection of the ray with the new reference sphere. From Eq. (1), the induced aberration is the optical distance (along the ray) between the new reference sphere and the wavefront (original reference sphere). If the system was not defocused, the ray height in the pupil would be the height Y, but it is now a height YЈ because we have changed the reference sphere. From 
Considering triangle BЈOЈO b Ј, the cosine rule gives
where
We can express S in terms of YЈ by replacing cos͑␤͒ with the right-hand side of Eq. (5) into Eq. (4) to give
which can be simplified because
and so
Expanding the square root, we lose the single R's, and so
Expanding the right-hand side of the equation and substituting for ⌬Z from Eq. (2) leads, after simplification, to
which is an expansion in even terms of YЈ. The wave aberration W is
where n is the refractive index of the image space medium, W 2,0 is the coefficient for defocus, and W 4,0 is the coefficient for primary spherical aberration. Using Eqs. (6) and (7), we find that
The above was derived for the aberration-free case, where there was zero spherical aberration before the focal shift. If we apply Eq. (9) to an aberrated system, which initially has nonzero spherical aberration, it predicts the change in aberration, so we should write 
We tested Eqs. (8), (10), and (11) using the Navarro model eye, 3 which has positive spherical aberration. Ten rays equally spaced in one meridian of an 8 mm pupil were traced into the focused eye and also into the eye defocused by shifting the image plane between ⌬Z = −5 and +5 mm, equivalent to a refraction correction range of +17.2 to −11.0 D when referenced to the entrance pupil. The original reference sphere radius R was 20.322 mm, and the new reference sphere radius RЈ varied between 15.322 and 25.322 mm. The wave aberration for each ray was determined as the optical path-length difference between the ray and the pupil ray [Eq. (2)]. These data were fitted to an even-power polynomial with five terms by a least-squares procedure.
RESULTS
As an example, Table 1 shows focused and defocused ray height coordinates Y and YЈ at the exit pupil and corresponding wave aberrations for ⌬Z = + 5 mm. Table 2 gives the corresponding wave aberration coefficients, together with the changes in wave aberration coefficients predicted by Eqs. (8), (10), and (11).
Equation (8) does an excellent job of predicting the defocus coefficient W 2,0 , with errors within the range ±0.00003%. The image plane range produces between 30% decrease and 4% increase in the primary spherical aberration coefficient ⌬W 4,0 (Fig. 3) . Our Eq. (10) does an excellent job of predicting these changes with errors within the range 0% to +0.02%, but Eq. (11) provides poor predictions with errors within the range −52% to +124% (Fig. 3) .
To support the above results, we repeated the procedure for a modified Navarro eye, which, for the in-focus situation, had spherical aberration similar in magnitude to that in the above case but of opposite sign (W 4,0 = −0.00004470 mm −3 instead of +0.00004472 mm −3 ). This was achieved by making the asphericities of anterior corneal, anterior lenticular, and posterior lenticular surfaces more negative at −0.69, −4, and −2, respectively, than those of the standard Navarro eye at −0.26, −3.1316, and −1, respectively. Again, our Eq. (10) does an excellent job of predicting the changes in spherical aberration, with errors within the range 0% to −0.03%.
We have not shown derivations for the corresponding changes in higher-order spherical aberration coefficients such as ⌬W 6,0 because, at least for the eye, direct ray tracing indicates that these changes will be negligible. In the examples discussed here, the change is less than 3% of the change ⌬W 4,0 in the primary spherical aberration coefficient.
DISCUSSION
Our Eq. (10) is very good at predicting changes in spherical aberration when there is considerable focal shift. It is certainly much superior to Hopkins and Yzuel's equation [Eq. (11) in this paper]. Unlike many human eyes, most man-made systems are carefully designed to have little focus error, and Eq. (11) will work well for small focal shifts, for example, within the range ⌬Z = ± 1 in Fig. 3 . With this in mind, we investigated the relationship between Eqs. (10) and (11). If we use
we can write Eq. (10) as
Considering h to be very small, we can replace ͑1+h͒ −2 by the first two terms of its binomial theorem expansion, 1 −2h, to give 
which is Eq. (11). This shows that our Eq. (10) reduces to Eq. (11) at very small focal shifts. One interesting case is where RЈ is infinity. This occurs for measuring ocular aberrations out of the eye as these are referenced to infinity. Using 1 / RЈ = 0 and n =1, Eq. (10) gives
where R x is the correction of the eye referenced to the exit pupil. For the example above where ⌬Z = + 5 mm for intothe-eye ray tracing and R x = −10.96 D or −0.01096 mm −3 , W 4,0 = 4.31ϫ 10 −5 mm −3 from ray tracing for the in-focus case, and Eq. (12) gives ⌬W 4,0 = −1.65ϫ 10 −7 mm −3 . The coefficient change is small and is only 0.4% of W 4,0 , thus supporting a recent study that found that out-of-the-eye spherical aberration measurements are little influenced by correction state. 1 If we measure the aberrations of an optical system and we detect a defocus, can we simply ignore the defocus term to predict the focused image quality? Although every situation must be treated on its merits, and in the previous example it can be seen not to be critical, the general answer is no. If defocusing an optical system induces a change in spherical aberration, then refocusing a defocused system will also induce a change in spherical aberration and Eq. (10) can be used to predict the adjustment to be made to the measured aberration.
